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Vortex-Lattice Method for the Calculation
of the Nonsteady Separated Flow over Delta Wings

Daniel Levin* and Joseph Katzt
NASA Ames Research Center, MoffettField, Calif.

An analysis is made of the wake structure and the forces on a delta wing as it undergoes nonsteady motion,
wherein the flow separates at the leading edge. Comparisons of these predictions with existing experimental and
theoretical data for the nonsteady linear and nonlinear motions indicate good agreement. It was found that the
time-dependent, wake-shedding numerical procedure applied here for the wake rollup and the lift force
calculation resulted in considerable saving of computer time over methods using the iterative wake rollup
procedure. Calculated results for various motions of the delta wing, including the plunging motion, are
presented for both the separated and the attached flow cases.
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Nomenclature
influence coefficient
panel chord
aspect ratio
influence coefficient
local wing span
influence coefficient
lift coefficient
(P—P^/VipU2 pressure coefficient
wing chord
normal force
panel vertical distance from x axis
pressure
angular velocity about x axis
angular velocity about y axis
angular velocity about z axis
wing area

- wing forward velocity
= induced velocity to the x direction
= induced velocity to the y direction
= induced velocity to the z direction
= wing coordinates
= angle of attack
= circulation

Tf = wing bound circulation
Ts = separated wake circulation
Tw = trailing edge wake circulation
p = density
</> = velocity potential

Subscripts
0 = at t = 0
oo = steady-state value
w = wake

Introduction

THE lifting characteristics and wake structure of highly
swept back and delta wings with sharp leading edges have

lately attracted increased interest. This is partially due to the
desirable performance characteristics of those wings both at
high supersonic cruise and at low subsonic short takeoff and
landing conditions. The low-speed, high-lift condition is
obtained with the aid of two strong vortices which emanate

Presented as Paper 80-1803 at the AIAA Aircraft Systems Meeting,
Anaheim, Calif., Aug. 4-6, 1980; submitted Sept. 10, 1980; revision
received April 21, 1981. This paper is declared a work of the U.S.
Government and therefore is in the public domain.

*NRC Associate. Member AIAA.
tNRC Associate.

from the sharp leading edges of the wing. During certain low-
speed maneuvers these leading-edge vortices might move and
interact with the aircraft control surfaces, causing nonlinear
stability derivatives. Analytical studies based on nonsteady
aerodynamics of these conditions are still very limited, but
this approach can significantly increase the understanding of
some critical flight conditions (e.g., departure or stall spins).

Lifting surface methods based on steady aerodynamics for
the calculation of leading-edge separated flows are now fairly
well developed and are capable of solving the flow about
complex geometries such as wing canard combinations.1>2 An
extensive list of the literature covering this subject is sum-
marized in three recent reviews. The first (Johnson and
Tinoco3) is based on the experience of the Boeing Company
that developed its own code. The second (Lamar and
Luckring4) provides both experimental and theoretical data
on configurations utilizing vortex flows. The third5 is a
description and an analysis of the inviscid flow models that
are being used to represent three-dimensional separation of
vortex type. The major disadvantage of those codes is the
large amount of computer time required for complex wake
geometries, since the final bound vorticity and wake rollup is
obtained by an iterative technique. Moreover, the first
assumed vortex wake shape which starts the iterative
procedure should be close to the final solution to eliminate a
possible convergence to an undesirable solution. The
mathematical existence of such multiple solutions for the
wake position in the two-dimensional crossflow was shown by
Weihs and Boasson6 in their study of the location of
separated vortex wakes behind slender bodies. Most of the
current iterative methods report that the first guess for the
vortex wake does not effect the final solution, but may in-
crease substantially the computation time.

A time-dependent wing-following, wake-shedding
procedure can provide both transient and asymptotic wake
shapes and wing loadings without utilizing the iterative
method. A similar method was developed by Djojodihardjo
and Widnall7 and was used later by Summa to solve complex
wake shapes behind impulsively started helicopter rotors8 and
wings.9 These codes allow vortex rollup from side edges and
wing tips but not leading-edge separation.

A study of the unsteady aerodynamic loads with allowance
for leading-edge separation was reported by Atta et al.,10

Kandil et al.,11 and Kandil.12 They performed calculations
for several nonsteady motions such as constant rolling11 and
pitching oscillation10 and developed a special triangular
leading-edge panel to allow leading-edge separation. An
important feature of their model is the calculation of the
pressure distribution about the wing with the local velocity
distribution; that is, both forces and downwash for the
boundary condition were calculated at the collocation points
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while other methods utilize the quarter panel vortex location
for force calculation and the three-quarter panel collocation
point for the boundary condition. However, the nonsteady
vortex rollup was calculated by a complex iterative method,10

and the inclusion of the velocity potential derivatives in the
Bernoulli equation is not reported clearly.

The sudden acceleration of delta and rectangular wings was
studied by Rehbach13 and Belotserkovskiy and Nisht,14 who
calculated oscillatory leading-edge separation for the two-
dimensional case. However, Rehbach's calculations show
some numerical oscillations, while the practical information
on the calculational code used in Ref. 14 is minimal.

In the present study, a vortex-lattice code was developed for
calculating the steady and unsteady flow about a three-
dimensional thin wing, with or without leading-edge
separation. Both leading-edge and trailing-edge wake rollup
are determined numerically by a time-dependent vortex-
shedding procedure that does not require an iterative
technique as do most present steady-state solutions. This
considerably reduces the computational effort since the final
number of wake elements is obtained only at the latest time
step. Furthermore, the present method can provide transient
aerodynamic loads and wake geometries during the time-
dependent motion and improves the understanding of some
vortex interaction problems.

Method
Vortex-lattice methods as well as the present method

assume that viscous effects can be accounted for by proper
modeling of the flow. That implies that information such as
the location of separation lines and the strength of the shed
vorticity is to be supplied by an experiment, flow
visualization, or viscous flow calculations. When such in-
formation is provided to the potential flow model, the wake
rollup and pressure distribution about the wing can be
calculated. The basic assumption of such a model is that the
flow is incompressible, irrotational, and homogeneous over
the whole fluid region excluding the wing and its wake.
Therefore a velocity potential exists and the continuity
equation becomes

V2<t> = 0 (1)

with the following boundary conditions stated in an inertial
frame of reference. 1) There is no flow across the wing
surface. 2) The induced velocity of the wing decays far from
the wing, everywhere except near the wakes. The extension of
the method into the time-dependent framework requires the
application of Kelvins theorem where zero net circulation is
specified for all time intervals:

dt (2)

Vortex-Lattice Model
A possible solution for the lifting problem stated above is

derived in Refs. 15 and 16, and a schematic description of the
model based on those principles is shown in Fig. 1. The basic
lifting panel consists of a bound vortex, which is a partial
solution of Eq. (1) located at the quarter-chord, and the
collocation point is at the three-quarter chord of the cen-
terline. The triangular leading-edge section was investigated in
Ref. 2 and was found to satisfactorily simulate leading-edge
separation. In addition, the separated vortex strength F5. is
adjustable to simulate various leading-edge radii. In the
present study, however, sharp leading edges were assumed;
consequently, the leading-edge separated vortex strength was
set equal to the corresponding triangular panel strength iy.

The vortex-lattice model in Fig. 1 is already fulfilling
boundary condition (2) for Eq. (1) since its induced velocity
decays with increased distance. Equation (2) is fulfilled at any
time by constructing the bound and wake circulation elements
from closed vortex rings as shown in Fig. 1. Boundary

condition (1) for Eq. (1) is satisfied while deriving the integral
equation16 to calculate the strength of the bound circulation
IV associated with each panel:

3t

(3)

Here (p,q,r) is the rotational motion around the (x,y,z) axes
correspondingly, U(t) is the momentary far-field velocity,
and oti is the panel angle of attack. The heaving motion of the
panel relative to the (x,y,z) axes is h f ( t ) f and its effect on the
downwash is the dht/dt term in Eq. (3). The first term on the
right, Aijt stands for all the influence coefficients resulting
from the Biot Savart bound vortex influence calculations.17

The second and third terms Btj and CfJ represent the influence
coefficients of the trailing-edge wake Tw and loading-edge
separated elements Ts.t and their strength is known from
previous time steps. Equation (3) is derived for all n panels on
their collocation points resulting in n equations with n
unknown Tf. at each time interval. If wing shape is not
varying during flight (flap motion ailerons, etc.) the coef-
ficients Afj are constant and their calculation is performed
only once. The calculational effort of B{J and C,y increases
with time as the number of wake elements grows. This must
be performed at each time interval since wake rollup changes
the geometry involved in its induced velocity calculations.
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Fig. 1 Schematic of vortex-lattice method and panel geometry.
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Calculational Procedure
To demonstrate the calculational procedure it is assumed

that at / = 0 the wing was set suddenly into motion. The first
calculation takes place at t = t0 as it is shown in Fig. Ib, and
the spanwise wake vortex is placed in the midinterval traveled
(l/2 UAt). For the linear (not separated) transient calculation
there is no direct coupling between the panel length ap and the
time step, but for more precise accuracy the nondimensional
time step should be smaller than 0.2 (AtU/c<0.2). For
separated flow, however, it is recommended that the time
steps and the panel lengths should be of the same order of
magnitude (AtU/ap^l) to prevent the separated wake
elements from being too close to the wing collocation points.

After the first time step the momentary position and
angular motion of the wing are known and the geometrical
boundary condition for the downwash [left side of Eq. (3)] is
determined. Then the influence coefficients A{j are calculated
while BfJ = Cfj = 0 for the first time step, since there are no free
wake elements shed as yet. At this point the bound vorticity
strength iy is solved and the wake rollup step is performed by
moving the wake points shed at t = t0. The downwash at each
vortex edge location (u,v, w) , is calculated by Eq. (4), which is
similar to the right-hand side of Eq. (3), but here A w.., Bw. ,
and Cw are the influence coefficients relative to those vortex, wuedges:

Here the summation

(4)

Here the number of separated wake, trailing-edge wake, and
wing vortex elements is /, m, and n, respectively. The motion
of the vortex tip point (Ax,Ay,Az) i is then calculated by the
use of Eq. (5):

(Ax, Ay, Az) i•,= (u, v, w) /At (5)

To conclude the calculational procedure for a given time
step, the forces acting on the foil are determined by applying
the nonsteady Bernoulli's equation as derived in Ref. 16. That
is,

(6)

By integrating the pressure along a given panel with length of
Axi=xi+1-xi and by neglecting smaller terms [U(t)>
(d<t>/dx),(d(t)/dy),(d(t)/dz)] and assuming r = 0 for the
present calculation, the following expression for the normal
force per unit width on the panel can be derived:

AFi' =2p('U — dx+
dx

d ?x d$ . _, \— — dxdx)
dt Jo dx >

vfk

is performed along the chordline only, starting at the leading-
edge panel ahead of the panel that its normal force AF, is to be
calculated. The momentary lift and drag coefficient
(assuming no leading-edge suction for the separated flow) is
then derived as

(8)

(9)

where S is the wing area.
Once the above described calculation is completed, a time

increment At is added and the wing is advanced to its new
location. Then a vortex ring is shed both at the trailing- and
leading-edge panels, as shown in Fig. 1. The strength of the
latest shed vortex ring is set equal to the shedding vortex
strength at the previous time step. The schematic shedding
procedure shown in Fig. 1 is actually performed over the
whole wing and the number of panels used was considerably
more (15-55) than indicated in the drawing. As the wake
shedding process is completed, the bound vorticity is
calculated by Eq. (3), the wake rollup performed with £q. (5)
and the forces acting are indicated by Eqs. (8) and (9). The
above calculational scheme is then repeated for the additional
time intervals. This scheme is numerically stable since
iterative calculations are not required and, even with a
reasonably high number of wing panels and wake elements,
the vortex core distance from collocation points is far from
being critical. Safeguards against singularity of Biot-Savart
law are also being used.

Results
The nonsteady separated flow over delta wings has not been

widely explored; thus both analytical and experimental data
are very limited. Therefore, prior to presenting the calculated
results of this flow, comparison is made with simpler flow
situations. The first case is the calculation of the attached

———— REFERENCE 18 DRISHLER NACA TN-3639

————— PRESENT CALCULATION

a = 15° '

AtU/c = 0.2

(5X5 LATTICE)

Ut/c

(7) Fig. 2 Transient lift of a delta wing that was suddenly set into
motion (without leading-edge separation).
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Fig. 3 Comparison of the steady-state lift coefficient of a delta wing
with leading-edge separation to published data.
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Fig. 5 Spanwise lift distribution of a delta wing with leading-edge
separation.

a = 1 5 °

AR = 1

(5X5 LATTICE)

Fig. 4 Calculated shapes of separated vortex wake cores behind a
delta wing.

flow, and the resulting lift for an impulsively started delta
wing. The second case is the steady flow over a delta wing
with leading-edge separation.

Impulsively Started Wing (Not Separated Flow)
The transient loading of wings, after they have been im-

pulsively started from rest, has been studied by Drishler.18

His calculated results for a delta wing of various aspect ratios
& are presented in Fig. 2 by the dashed lines. The present
method not only agrees well with these data, but also provides
information about the lift forces immediately after the motion
was started (Ut/c< 1). The high-lift forces at the beginning of
the motion are due to the fluid acceleration, that is, the d(j>/dt
term in Eq. (6). As the wing obtained its final velocity the lift
is reduced owing to the downwash of the shed starting vortices
whose strength is decreasing as the motion continues. Con-
sequently, the wing lift is growing until the steady-state value
CL is obtained. The effect of the wing span or yR is shown
here as well. As the & is decreased, the relatively longer wing
chord-to-span ratio results in a further trailing-edge vortex
positioning and less downwash on the wing. Therefore the lift
reduction at the beginning of the motion is larger for wings
having larger aspect ratios.

Separated Flow Over Delta Wings
In this section a comparison is made between data ap-

pearing in the literature and data calculated by the present
method. The flow is assumed to be steady and the leading-
edge vortices roll up and form two large vortex systems above
the wing (see Fig. 1). The calculated lift coefficient values CL
for a delta wing of ̂ = 1 is shown in Fig. 3. The dashed lines
represent values obtained by linear theory, where no leading-
edge separation was assumed. Therefore the difference
between those tow lines is the vortex lift due to the presence of

a = 30°
AtU/c = 0.2
A R = 4
(5X5 LATTICE)

Ut/c

Fig. 6 Transient lift and circulation of a delta wing with leading-edge
separation.

the two rolled-up vortex sheets above the wing. Experimental
results19'20 are also presented in Fig. 3 to show the close
agreement between the present theory and experiment. The
results obtained by the new method are the same as those
obtained by a steady-state vortex-lattice method using an
iterative process, with the same number and configuration of
panels. Both results are represented by the solid line in Fig. 3.
Higher agreement, to a certain degree, with experimental data
could be achieved by utilizing a higher number of panels10

and by allowing separation of inner vortices2'5 to represent
the formation of a secondary vortex sheet. For the sake of
comparing the steady iterative model with the new unsteady
approach, the current (5 x 5) lattice proves to be adequate.

The calculated results of the present method (shown in Fig.
3) were obtained by setting the wing suddenly into motion and
proceeding with the calculational procedure until steady state
is achieved. This technique has the advantage that the
separated vortex core shape (Fig. 4) is determined by the wake
shedding procedure as the wing is advanced into the flow.
Therefore the separated vortex core position is not subject to
an iterational method that might cause convergence to a
nonphysical core shape. Moreover, the computational times
are about one-half of the time required by the methods which
use the iterative wake rollup calculation method.2
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Fig. 7 Transient lift of delta wings having various aspect ratios (with
leading-edge separation).

The spanwise load distribution of the last panel row is
shown in Fig. 5. For comparison, the experimental data taken
near the trailing edge by Wentz21 was added. The nor-
malization used here, ACp/ACp , was chosen since the
panel lift represents the lift of a large section (0.2 chord length
in this case), while the experimental data are relevant for a
certain cross section only and because the data in Ref. 21 are
for a wing with ^=1.146. However, in view of the good
prediction of the lift (Fig. 3) the prediction of the spanwise
loading in Fig. 5 is satisfactory.

Nonsteady Separated Flow
The transient lift and circulation for a delta wing with

leading-edge separation is shown in Fig. 6. Here the wing was
accelerated from rest to its final velocity U along a distance of
0.1 chord. It is assumed for the numerical calculation that the
leading-edge separation is initiated at the beginning of the
motion; under nonsteady conditions, however, the separation
usually is delayed. The additional vortex sheets separated at
the leading edge reduce the response time of the vortices shed
at the trailing edge. This effect is emphasized when comparing
Figs. 2 and 7, which show the lift of the separated wings is
always higher. The resulting wing circulation T f ( t ) growth
with time is shown in Fig. 6 and about 95% of the steady-state
value is obtained after the wing traveled one chord length.

The effect of & on the nonlinear (separated flow) case is
similar to the effect observed in attached flow (Fig. 2), i.e.,
the response time increases with A and the lift losses are
larger. However, the results presented in Fig. 7 are offset
compared to Fig. 2 owing to the additional effect of the
separated vortex sheet, as explained above.

The transient forces due to various motions of a triangular
surface used as an all flying canard are shown in Fig. 8. The
surface having an yR of unity and its hinge for the pitching
motion is located at its apex. At the beginning of the motion
the foil was accelerated along a distance of 0.1 chord to its
final velocity U and the angle of attack was held constant
(a = 15 deg). After a distance of 1.5 chord sinusoidal pitching
motion (Fig. 8a) and a gradual change in angle of attack (Fig.
8b) were imposed. For the case of pitching motion a phase
difference is noticed as a result of the downwash due to the
rotational motion that affects the boundary condition on the
foil in Eq. (3). The small peaks following the abrupt changes
in angle of attack (i.e., at Ut/c= 1.5) are the forces due to
acceleration and the magnitude is determined by Aa/A/. That
is, a gradual and uniform change in a is assumed over the time
interval At. Therefore, for faster variation in angle of attack,
smaller time steps are required. The comparison of Figs. 8a
and 8b shows the advantage of the smooth sinusoidal motion
(da/dt is continuous) relative to the abrupt changes in angle of
attack, when vibration-free lift response is required.

Ut/c

Fig. 8 Time-dependent lift of a delta wing performing a) sinusoidal
motion and b) abrupt change in angle of attack.

Concluding Remarks
A nonsteady vortex-lattice method was applied to solve the

flow about delta wings with leading-edge separation. It was
found that the lift response to abrupt changes in the wing
velocity is faster for the separated flow case than for the
attached flow. Similar behavior is observed when comparing
the cases of leading-edge separation with those having at-
tached flow. The minimal CL/CLOO during the transient
period is smaller for increasing & and the transient period is
larger.

The present method was compared to a steady-state
iterative method with the same panel configuration. Both
codes yielded the same results for delta wings with or without
leading-edge separation. Both codes were run on the same
computer (CDC 7600) and were programmed with com-
parable efficiency. The nonsteady approach required less
computer time and supplied the transient period charac-
teristics.

Further extension of the above method with the inclusion of
an aircraft dynamic equation can result in a more powerful
calculational prediction. This will facilitate understanding of
the time-dependent deformation of shed vortex sheets, their
influence on the control surfaces, and the resulting aircraft
motion. As a result, some nonlinear flight conditions, such as
stall spin, could be further explored.
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